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A s t a t i s t i c a l  f o r m u l a t i o n  i s  p r o p o s e d  f o r  d e t e r m i n i n g  the bounds  of e l a s t i c  m a c r o c h a r a c t e r -  
i s t i c s  of a c o m p o s i t e  m a t e r i a l  by  us ing  c l a s s i c a l  v a r i a t i o n a l  t h e o r e m s  of the e l a s t i c i t y  t h e -  
o r y .  The  c a l c u l a t i o n  s c h e m e  p r o v i d e d  t a k e s  into account  the c o r r e l a t i o n  e f f e c t s  of the s e c -  
ond and t h i r d  o r d e r ;  i t  a l s o  p r o v i d e s  e s t i m a t e s  f o r  e l a s t i c  m a c r o c h a r a c t e r i s t i c s  by  t ak ing  
into accoun t  the  cons t an t ,  the l a t t e r  b e i n g  tha t  p h y s i c a l  c h a r a c t e r i s t i c  of  the m a t e r i a l  which  
r e f l e c t s  i t s  s t r u c t u r e .  

1. A m i c r o i n h o m o g e n e o u s  e l a s t i c  body  i s  c o n s i d e r e d  wi th  an e l a s t i c  modu l i  t e n s o r  g i v e n  by  

The bulk and the shear moduli y and # are considered to be homogeneous and isotropic ergodic func- 
tions of the spatial coordinates. The s t r e s s - s t r a i n  state of the medium under consideration can be de- 
scribed by the Hooke's law which relates the stresses ~ij and strains ~ij by means of 

~J = (? - -  ~/8~) e~Sij  ~- 2~eij (1.1) 

t o g e t h e r  wi th  the  e q u i l i b r i u m  equa t ions  and the  Cauchy  r e l a t i o n s ,  

�9 ~ j ,  j = 0 (1.2) 

ai~' = 1/~ (u~, j ' -t- uj, i') (1.3) 

In the above  and in o u r  f u r t h e r  c o n s i d e r a t i o n s  i t  is  a s s u m e d  tha t  the s t r e s s - - s t r a i n  s t a t e  i s  m a c r o -  
h o m o g e n e o u s ,  tha t  i s ,  

<ai~) = const, <e~j) = const (1.4) 

The a n g u l a r  b r a c k e t s  denote  the  m a t h e m a t i c a l  e x p e c t a t i o n ;  the d a s h e s  r e f e r  to d e v i a t i o n s  of func t ions  
f r o m  t h e i r  m a t h e m a t i c a l  e x p e c t a t i o n s .  

If the  s t r e s s  and s t r a i n  t e n s o r s  a r e  r e p r e s e n t e d  in t h e i r  s p h e r i c a l - c u m - d e v i a t o r y  f o r m ,  the r e l a t i o n  
(1.1) a s s u m e s  the f o r m  

(~ = 37e (1.5) 
Si j  = 2~e~i (1.6) 

(~ = %~, 8 = 8. k, 8~j = ~ij -- 1/3zSij , e~j = 80 --  x/8881j) : 

Our  p r o b l e m  c o n s i s t s  in  d e t e r m i n i n g  the bounds  y* and p* of the e l a s t i c  m a c r o c h a r a c t e r i s t i c s  which  
can  be i n t r o d u c e d  by the r e l a t i o n s  

<a) = 37*<e), <S~) ---- 2~* <e~) (1.7) 

Let the displacements ui ~ be given on the surface S which bounds the volume V in such a way that the 
relation 

~ = <s~) x~ (1.8) 

i s  v a l i d  fo r  t h e i r  m e a n  v a l u e s  on S. 
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Then when (1.7) is used, the elast ic  potential of the volume V is given by [1] 

2E -~ (y*<e> 2 + 2~*<elj> <eli>) V (1.9) 

In accordance with the principle of least  potential energy [2] for  any v i r tua l - s t ra in  field which sa t i s -  
t ies (1.7) the following inequality is valid: 

2E < + f (Ts~ + 2[~eije~i) (1.10) dV 
" 7 -  

V 

If it is assumed that the scale of heterogeneit ies is small  compared with the macrovolume,  thensince 
the homogeneous random fields are  ergodic,  the integration over the volume V cor responds  to the p rocess  
of averaging.  Together  with (1.10) one also obtains 

y*<e> ~ + 2~*<ei~> <eij> ~ <?><e> 2 + 2<e><?'e') (1.11) 
t t \  r -~- <~>(e'e') + <~'e'e'> + 2[<~>(e~j><e~j> + 2<elj>(~ e~i / ~ <~><eii' eii> 

The v i r tua l - s t ra in  field eij' is introduced with the aid of the relations 

(~' = ~'c -[- e'd (1.12) 

S~/ : ~' a~j -~ e~j'b (1.13) 

where aij ,  b, c, d are nonrandom quantities to be determined.  In solving the sys tem of equations (1.2), (1.3), 
(1.12), and (1.13) the F o u r i e r - t r a n s f o r m  method can be employed; thus the fluctuations ei j '  are determined.  
With the aid of the la t te r  the corre la t ion  moments appearing in (1.11) can now be determined; this inequality 
provides the upper bounds for  the elast ic  charac te r i s t i c s .  To obtain a lower-bound est imate for the bulk 
and shear  moduli, the problem must be solved in s t r e s ses  by having a sys tem of loads on the entire su r -  
face S bending the volume V which would ensure a homogeneous s t ressed  state, 

P~ = <olj> n~ (1.14) 

In this case the principle of least  potential energy for  a statically feasible s t r e ss  field r resul ts  in 
the inequality [2] 

+ (v) (S~i'S~i" > -]- <v'S~/Sr u = T -~, v = .~-~ (1.15) 

The statically feasible s t ress  field is introduced by means of the relat ions 

s' = u'c ~ -~ d~ ' (1.16) 
----- ~ 'a  o e~' ~ + S~'b ~ (].17) 

which contain the nonrandom quantities aij ~ b ~ c ~ d ~ 

Moreover ,  one should use Four ier  t r ans fo rms  together  with (1.16) and (1.17) to solve the compati-  
bility equation which, if (1.4) holds, is 

0 ~ '  = 0 (1.18) 
elmke~nl Ox~ Ox l 

In the above eij k is a L e v i - C i v i t a  tensor .  Subsequently, the corre la t ion  moments which appear in 
the inequality (1.15) can be computed; this provides lower bounds for  T * and p*, that is, the determination 
of the bounds for  mac rocha rac t e r i s t i c s  has been obtained. 

It is noted that in view of isotropy of general  proper t ies  of the elast ic  medium under consideration, 
it is required that only two elast ic constants be determined, Y* and p*. There is no need, therefore,  to 
introduce a completely a rb i t r a ry  general  deformation.  It is sufficient to consider  deformation of only two 

independent types. 

2. To determine the bounds of the shear  modulus, the uniform state is considered of the elast ic  com-  
position in which the phase regions are right continuous cylinders with parallel  generat ing lines and of 
a rb i t ra ry  c ross  section. It is assumed that the composition is macroscopica l ly  homogeneous and t r ans -  
versely  isotropic .  The coordinate sys tem is selected such that the x 2 axis is identical with the genera tors  
of the cylinders and with the direction of the shear .  
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The 

u ~ =  u~(x~), u 2 = ' ~ a = 0  (~=2,3) 

and the s t r e s s - s t r a i n  s t a t e  in the  d i r e c t i o n s  x2, x~ does  not  depend  on x~. 
r e l a t i o n  (1.13) b e c o m e s  

S ~ '  = tl' a~  -t- e~'b 

and, moreover, 

0 - 1 1  = 0"22  ~ 0 " 8 3  ~ 0 " 2 3  ~ 0 

e l a s t i c  d i s p l a c e m e n t s  c o r r e s p o n d i n g  to  th i s  p r o b l e m  a r e  a s  f o l l o w s :  

(2.1) 

In our  c o o r d i n a t e  s y s t e m  the 

(2.2) 

(2.3) 

The s o l u t i o n  of the s y s t e m  of e q u a t i o n s  (1.2), (1.3), (2.1), and (2.2) by  us ing  F o u r i e r  t r a n s f o r m s  i s  of 
the f o r m  

eli  -= -J - -  g~l~ ~ e *`%% do) ( ~  = a~ / b, ~0~ = r ~ = 2, 3) (2.4) 

w h e r e  w i a r e  p a r a m e t e r s  of  the t w o - v a r i a b l e s  F o u r i e r  t r a n s f o r m a t i o n ,  and g i s  a func t ion  of the :zi v a r i -  
a b l e s  which  g i v e s  the s p e c t r a l  d i s t r i b u t i o n ,  n a m e l y ,  

~t' i i~ �9 = ge do) ( 2 . 5 )  
- - c o  

Since the r a n d o m  func t ion  p' i s  i s o t r o p i c  t h e r e f o r e  [3] 

<g (o)~) g (r g (o)(')> = F (c02, 0~, oh' , 0) 'z) 8 (co~ 4- r 4- oh") (2.6) 

w h e r e  A and F a r e  t h r e e - d i m e n s i o n a l  s p e c t r a l  d e n s i t i e s  of the  f u n c t i o n l x ' , a n d  6 i s  the D i r a c ' s  d e l t a  func-  
t ion .  F r o m  (2.4) and ( 2 . 5 )  [4]  one ob ta in s  by  u s i n g  ( 2 . 6 )  

<.~'e~() = - -  ~ / ~ D t ~  , <el~'e~(> = ~ / 2 D i ~ x ~  

Here  D# deno t e s  the  v a r i a n c e  of r a n d o m  funct ion ,  

c ~ x 
D~ = ~ A(o)2)e ~ ~do) 

To e v a l u a t e  the c o r r e l a t i o n  func t ions  of the t h i r d  o r d e r  one m a k e s  u se  of the  fac t  tha t  the i n t e g r a l  

i s  an i s o t r o p i c  t e n s o r  func t ion  of the s e c o n d  rank ;  c onse que n t l y ,  i t  c an  be  r e p r e s e n t e d  in the f o r m  [5] 

One  o b t a i n s  

/~l = A (oD 6kl + B (o)~) o ~ o d ~  ~ 

/~z ~ dec = A*Si~6~z § B* (8~j6~.1 4- 6ij~Sj, ~- 81zSj~) (2.7) 
- - o r  

Hence by  convo lu t i on  with  r e s p e c t  to a l l  s u b s c r i p t s  an e x p r e s s i o n  fo l lows  r e l a t i n g  the q u a n t i t i e s  A* 
and B* to the  s i n g l e - p o i n t  c o r r e l a t i o n  m o m e n t  of the  t h i r d  o r d e r  of the f u n c t i o n ~ ' , t h e  l a t t e r  be ing  deno ted  
by 

/pp do) = F (o~2, o)i~(,  o),2) do) do)' = 4A* § 8B* = m~ (2.8) 
- - c e  _ ~  

By e m p l o y i n g  now (2.3)-(2.5)  t o g e t h e r  wi th  (2.7) and (2.8), one ob ta in s  

do) do)' = - -  2A* ~11~1~ 
(fl ~2 

- - c r  - - c o  

By us ing  the ob ta ined  c o r r e l a t i o n  m o m e n t s  one now f inds  the r i g h t - h a n d  s ide  of the i n e q u a l i t y  (1.11) 
which  in th i s  c a s e  a s s u m e s  the f o r m  

t~* <eli><eli> ~ <l~><eli>(eu> -4- 2 <eli><t~'el(> 4- <l~><ei(eu'> 4- <lX'el(en '> (2.9) 

con t a in ing  an unknown p a r a m e t e r  ~ ~i. One m i n i m i z e s  the r i g h t - h a n d  s ide  of (2.9) wi th  r e s p e c t  to the  p a -  
r a m e t e r  and one f i nds  
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li, (eli>(el,) ~ (ll>(eu)(eii) _ i/~ Dt ~ (e,i) ~1~ (2.10) 

It fol lows f r o m  (2.10) that  

t D~ (2.11) 
It(+) = (.tl~ - -  2 <~> DtL + m~ -- 2A* 

is  an uppe r  bound fo r  the s h e a r  modulus .  

3. A l o w e r  bound fo r ' t he  s h e a r  modulus  is found if the same  method is employed  to solve the s y s t e m  
(1.17) and (1.18), thus 

S i / =  plhz \ o---T--, --Szi e d0J, ~ll = 1~ / (3.1) 
--ao 

In  the above p is  a funct ion of the v a r i a b l e s  wi, which  d e t e r m i n e s  the s p e c t r a l  expansion,  name ly  

+~ 
pe~nX~ do 

-oo 

Usil~g the i so t ropy  a s sumpt ion  fo r  the r a n d o m  funct ion v ~ one obtains  

~S 'S ' \  ( v ' S l ( >  = - -  1 / ~ D ~ l l ,  \ l~ u / = i / 2 D ~ l i i ~ l ~  (3.2) 

(Sl(Sl(~'> = (rn~' --  2A*) ~llPhi 

where  I) v is the va r i ance  and m v the one-po in t  e o r r e l a t i o n  m o m e n t  of the th i rd  o r d e r  of the r a n d o m  func-  
t ion v ' ,  AI* is a cons tant .  

By inse r t ing  (3.2) in (1.15) and us ing (2.2), and having min imized  the r igh t -hand  side of (1.15) with 
r e s p e c t  to  the p a r a m e t e r  ~?~i, one obtains  

i { 
li--~ ($1~) (Sll) ~ (Su> (v) (Si~) --  - ~  D~ (Sl~) ~lu 

Hence a l o w e r  bound is obtained of the s h e a r  modulus :  

[ 1 D, 2 1-1 (3.3) 
.;I(-)~__- (~) 2 (v>D v+m~-2Al*  

4. In the e s t i m a t e s  (2.10) and (3.3) t he re  appea r  the unknowns A* and AI* which a re  of d imens ions  
#3 and #-3 r e spec t i ve ly ;  they r e p r e s e n t  the phys ica l  c h a r a c t e r i s t i c s  of the m a t e r i a l .  F o r  a two-componen t  
compos i t i on  the r e l a t ion  be tween  A* and At* is ea s i ly  e s t ab l i shed  by e x p r e s s i n g  v '  in t e r m s  of p ' .  To this 
end, a compos i t i on  is c o n s i d e r e d  whose s h e a r  moduli  of the componen t s  a re  /21 and /22. Suppose that  the 
c o n c e n t r a t i o n  of  the f i r s t  componen t  is c. Then  the f luc tua t ions  of/2 and v a re  given by 

~x'  = ( t  - -  c) (~li - -  ~) ,  ~ '  = --c ( ~  - -  ~i) 
V l t  = ( i  - -  C) (~s - -  ~ 1 )  (~s - 1 '  V ' = --c (~ l~i) (~i~)-i 

If one f o r m a l l y  c o n s i d e r s  a two-componen t  m e d i u m  with f luc tuat ions  in its s h e a r  modulus ,  

~ l ' = ( t - - c ) ,  ~ ' =  - - c  

then Pl ' ,  /22', v l '  and v~' a re  e x p r e s s e d  in t e r m s  of x i' and ~t 2' as  fo l lows:  

V l  r = :  ( ~ 1  - - . ~ ' L 2 ) ( ~ l ~ Z ) - ! ' ~ l " *  V t 2 = ( ~ 2  - -  ~'~1) ( ~ 1 ~ 2 )  - 1  ~l~ (4.2) 

By c o m p a r i n g  (4.1) and (4.2) one finds that  

~' = --~'(~i~z) -i (4.3) 

F r o m  (4.3) one obtains  the r e l a t ion  

m~ = --m~ (~I~2) -s 

Thus (3.2) can  be r e w r i t t e n  as  

( S l i ' v ' S l ~ '  > = - -  (rn~' --  2A*) (lxdx~)-a ~hiTh~ (4.4) 

By c o m p a r i n g  (4.4) and (3.2) one f inds the sought r e l a t ion  

AI* = --A* (~lr~) -3 (4.5) 

Employ ing  (4.5), one can  e x p r e s s  the uppe r  and lower  bounds of  the s h e a r  modulus  in t e r m s  of the 
concen t r a t i ons  and the s h e a r  moduli  of the componen t s ;  in the d imens ion le s s  f o r m  they b e c o m e  
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~o'= cn + (t - -  c) --  t (,~ - 1)~ (t - c) c 
2 c,~+(t-c)+(~-- ,1)( t-2c)--o~ 

c + (I -- c) n -- (~ -- t) (1 -- 2c) + 
Boo = 2n 2 :[c + (t -- c) n] [c + n (i -- c) - (,~ -- l)(i -- 2c) + ~] + (n -- 1) 2 (t -- c)c 

(l~o = ~(+)~, roe = ~(-)9~, ~ = , a ~  1, 

~t = 2A*~t~ 3 (,L. 1) 8 [(i -- c) c] -~, n ~ i) 

(4.6) 

(4.7) 

It i s  noted that  our  p r o b l e m  was f o r m u l a t e d  for  m i x t u r e s  whose phase  r e g i ons  a r e  of a r b i t r a r y  c r o s s  
sec t ion .  It can,  t h e r e f o r e ,  be a s s u m e d  that  the quant i ty  a which a p p e a r s  in  the e s t i m a t e s  (4.6) and (4.7) 
r e f l e c t s  the effect  of the compos i t e  m a t e r i a l  s t r u c t u r e  on i ts  e l a s t i c  p r o p e r t i e s .  

The magn i tude  of c2 m u s t  be found e x p e r i m e n t a l l y ;  n e v e r t h e l e s s ,  some  a p r i o r i  c onc l u s i ons  c a n  be 
made as r e g a r d s  i ts  l i m i t s .  

In  F i g .  1. #0(a) and#00(a)  a r e  shown for  c = 0 . 7  and n = 5 .  The b r a n c h e s  I and II show Iz00 and the 
b r a n c h e s  1TI and IV /~0. The  v a l u e s - ~  < r -<- a and d ___ c2 < ~ a r e ,  o f c o u r s e ,  exc luded  f r o m o u r  c o n s i d e r a t i o n s  
s ince  o the rwise  #0 exceeds  <tt>p2-~ and it00 is  l e s s  than  <#-l>p2-1 the l a t t e r  be ing  i n c o n s i s t e n t  with the the -  
o r e m s  of Feuch t  and R e u s s .  We then  exc lude  f r o m  our  c o n s i d e r a t i o n s  a < ~< b, c < c2 < d, s ince  #0 < P 00 for  
these  va lues  of a .  Consequen t ly ,  a c an  only a s s u m e  the va lues  b ~ a - < c ,  that  is ,  the def in i t ion  r eg ion  of 
c~ is  an i n t e r v a l  be tween  two poin ts  at which t.to=Poo. It i s  not  d i f f icul t  to show that  these  poin ts  a lways  ex -  
i s t  and that  t h e i r  c o o r d i n a t e s  a re  

a l =  l/2 (n - -  t) (l - -  c), ~ 2 = - - I / 2 ( n - - 1 )  c (4.8) 

The ob ta ined  so lu t ion  is  exac t  for  s t r u c t u r e s  with c h a r a c t e r i s t i c s  g iven by (4.8). Obviously ,  in a m e -  
d ium with c h a r a c t e r i s t i c s  a2, the f i r s t  e l e m e n t  f o r m s  a m a t r i x ;  but  in  a m e d i u m  with c h a r a c t e r i s t i c s  ~I 
it  is  the o the r  e l e m e n t .  F o r  med i a  with c h a r a c t e r i s t i c s  b < a < c the s h e a r  modu lus  is loca ted  ins ide  the 
dashed  a r ea .  If p a r t i c u l a r  f e a t u r e s  of the m i x t u r e  s t r u c t u r e  a re  i gno red  and if the va lues  a (b) and a (c) 
a re  c o n s i d e r e d  as the ef fec t ive  uppe r  and l ow e r  bounds  for  the s h e a r  modulus ,  then  they a re  iden t i ca l  with 
the bounds  ob ta ined  in  [1]. It  is  a lso  no t iced  that  (4.6) y i e ld s  a quant i ty  be low the uppe r  bound for  the e f -  
fec t ive  s h e a r  modu lus  which can  be obta ined  f r o m  [6] in  the case  of a l eng thwise  s h e a r .  

5. To f ind e s t i m a t e s  for  the bulk modu lus  of a s t a t i c a l l y  i so t rop i c  e l a s t i c  m i x t u r e  one has to r ep l ace  
the bounda ry  cond i t ions  (1.8) and (1.14) by the fol lowing:  

u~ = (e)x~, Pi = (a)'n~ ' 

and Eqs .  (1.13) and (1.17) by the Eqs .  (1.12) and (1.16). As r e g a r d s  the bulk  modu lus  e s t i m a t e s ,  the c o n s i d -  
e r a t i o n  of the g e n e r a l  case  of a s t r e s s - s t r a i n  s ta te  does not p r e s e n t  any d i f f i cu l t i es  if it  is a s s u m e d  that  
the s h e a r  modul i  of the componen t s  a re  the s a m e .  The a n a l y s i s  is  s i m i l a r  to that  g iven  p r e v i o u s l y ,  t h e d i f -  
f e r e n c e  ly ing  in  that  in  eva lua t i ng  the c o r r e l a t i o n  m o m e n t s  of the th i rd  o r d e r  it is  now n e c e s s a r y  to e v a l -  
ua te  the i n t e g r a l s  

--~oo 

S fJa do)= (3A* + 5B*)5kl (5.1) 

Convolu t ion  in  the s u b s c r i p t s  k and l e n a b l e s  one to e l i m i n a t e  both c o n s t a n t s  
+o~ +~o 

S ]:'P do = SS F ((~, (0,~o,', ~o '2) do, do' = 3 (3A* + 5B*) ------ m~ 
--~o - - o o  

where  m_ is  the t h i r d - o r d e r  c o r r e l a t i o n  m o m e n t  of the r a n d o m  func t ion  y ' .  Consequen t ly ,  the s t r u c t u r e  
T 

c h a r a c t e r i s t i c  a does not  appea r  in  the e s t i m a t e s  for  the bulk  modu lus .  The uppe r  and lower  bounds  of 
"7* a r e  g iven ,  r e s p e c t i v e l y ,  by 

D.f  ~ 

3 "(+.) = (7) --  % <ix) + <,,;:, Dy + my 

~'~'-) = (0) --  4 
DoS 

3,:nc) Do+4(0>D o+4m~ , 

In  the above 0=~/-1, D T, D o a r e  the v a r i a n c e s  of the func t ions  T '  and 0', m 0 is  the t h i r d - o r d e r  c o r -  
r e l a t i o n  m o m e n t  of the r a n d o m  func t ion  0. It c a n  e a s i l y  be shown that  both e s t i m a t e s  a r e  equal  to one an -  
o the r  and a l so  to the value of the bu lk  modu lus  ob ta ined  in  [7, 8]. 
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Fig. 1 

Thus in es t imat ing  the e las t ic  c h a r a c t e r i s t i c s  it has  become c l ea r  
that  the bulk modulus of an i s . t r o p i c  mix tu re  depends on the concen t ra -  
t ions and on s epa ra t e  re .dul l ;  the p a r t i c u l a r  f ea tu res  of the mix tu re  s t r u c -  
tu re  have no effect  on it  ff the shea r  moduli  a r e  equal. This was e s t ab -  
l ished by Hill in [8]. Moreover ,  i t  was a lso  found that  the shea r  modulus 
of an e las t ic  i s . t r o p i c  mix tu re  contains a p a r a m e t e r  c h a r a c t e r i s t i c  for  
the s t ruc tu re  of the mix ture .  This conf i rms  Hi l l ' s  assumpt ion  [8] that  to 

de te rmine  the s h e a r  modulus of a compos i t e  i t  is  not only the concentra t ion and the moduli  of the compo-  
nents but also the in ternal  geom e t ry  which a r e  of impor tance .  
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